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Main idea

Find a control law
to optimize cumulative performance
for a general system

Reinforcement learning: system unknown, learn from data
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RL principle

action u

@ Interact with system: measure states, apply actions
@ Performance feedback in the form of rewards
@ Inspired by human and animal learning
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Example: Domestic robot

A domestic robot ensures light switches are off
Abstractization to high-level control (physical actions
implemented by low-level controllers)

@ States: grid coordinates, switch states
@ Actions: movements NSEW, toggling switch
@ Rewards: when switches toggled on—off up
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Example: Robot arm

Low-level control
@ States: link angles and angular velocities
@ Actions: motor voltages

@ Rewards: e.g. to reach a desired configuration,
give larger rewards as robot gets closer to it

u
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Many other applications

Artificial intelligence, medicine, multiagent systems, economics
etc.

u
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Why learning?

Learning finds solution that:
@ cannot be designed in advance

— problem incompletely known
(e.g. robotic space exploration)
— problem too complex
(e.g. controlling strongly nonlinear systems)

@ continually improve
© adapt to time-varying environments
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Model-based methods

We will also focus on model-based methods, because they:
@ form the basis of RL (e.g. dynamic programming)
@ are inspired by RL (e.g. optimistic planning)
@ are useful separately from RL, when a model is known,
since they can address complex (nonlinear) problems
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High-level course structure

@ Problem definition. Discrete-variable exact methods
@ Continuous-variable, approximation-based methods
@ Optimistic planning



Problem definition

@ Introduction

9 Problem definition
@ Markov decision process
@ Control policy and objective
@ Optimal solution

e Dynamic programming, DP
e Monte Carlo, MC

e Temporal differences, TD
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Simple example: Cleaning robot

+ o

power cleaning '
pack robot . 125"

@ Cleaning robot in a 1-D world
@ Collects trash (reward +5) or power pack (reward +1)
@ Once either trash of power pack collected, episode ends
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State & action

action u

+ o

state x

@ Robot is in a certain state x (cell)
@ and applies an action u (e.g. moves right)

u=-1 u=1
1 ‘_O_’\ )
x=0 1 2 3 4 5

@ State space X ={0,1,2,3,4,5}
@ Action space U = {—1,1} = {left, right}
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Transitions and rewards

reward r=>5

¥

- ~Q

next state x’

@ Robot reaches a new state x’

@ and receives a reward r = quality of transition
(here, +5 for collecting the trash)
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Transition and reward functions

1 0 0 0 0 5
A 2NN 2R 2N 2 /
b === )

@ Transition function (system behavior):

X if x terminal (0 sau 5)
X + u otherwise

x'=f(x,u) = {

@ Reward function (immediate performance):
1 if x=1and u= —1 (power pack)
r=p(x,u)=<¢5 ifx=4andu=1 (trash)
0 otherwise

@ Note: Terminal states cannot be exited & are not rewarded!

u
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Markov decision process

Markov decision process (MDP)
Consists of:
@ State space X
@ Action space U
© Transition function x’ = f(x,u), f: XxU— X
© Reward function r = p(x,u), p: XxU—R
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@ Control policy and objective
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Control policy

@ Control policy h: maps x to u (state feedback)
@ Encodes the behavior of the controller

—_I_L «— | —>  —> | —>
Example h(0) = termmal state, action is |rrelevant)
h(1) =—1,h(2) =1, h(3) =1, h(4) =1, h(d) =
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Return

rio r,=0 r,“i5
+ O~ — )
X,=2

Take policy hthat always moves right

R"(2) =1°r ++'r ++2rs + 20 + 140 + . ..

Since x3 is terminal, all later rewards are 0
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Control objective

Find h that maximizesotohe return: -
RM(x0) = kZO Ve her = kZO YK o(Xk, h(Xk))

from any xg

Discount factor v € [0, 1):
@ represents an increasing uncertainty about the future
@ bounds the infinite sum (if rewards bounded)
@ induces a “pseudo-horizon” for the optimal control
@ helps the convergence of algorithms

Note: There are also other types of return!



Problem definition
00000000

Choosing the discount factor

To choose ~, trade-off between:
@ Long-term quality of the solution (large )
@ “Simplicity” of the problem (small ~)

In practice, v should be sufficiently large so as not to ignore
important rewards along the system trajectories
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Example: Choosing ~ for a simple system

Step response of a first-order linear system:

1

08

06

>

041

02r

0
0 20 40 60 80
k

What should « be so that the rewards upon entering steady
state are visible from the initial state?
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Solution: Choosing ~ for a simple system

For k ~ 60, v¥ should not be too small, e.g.

~%9 > 0.05
v >0.05"%0 ~ 0.9513

~K for v = 0.96:

0.8

0.6

0.4

0.2
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In response to u in x, system no longer reacts deterministically
— it can reach one of several states with different probabilities
Stochastic MDP

@ State and action spaces X, U have the same meaning

@ Transition function gives probabilities f(x,u,x),
f: XxUxX—][0,1]

© Reward function of the whole transition j(x, u, x'),
p:XxUxX—-R

Revised objective
Find h to maximize the expected return:

R"(x0) = E {k Y B(Xk h(Xk ), X1 )}
=0
from any xg 0[]
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@ Optimal solution
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Back to deterministic objective

Find optimal policy h* that maximizes return

R"(Xo) = > +riyr = > v*p(Xk, h(Xk))
k=0 k=0

from any xo

@ We will characterize the optimal solution
@ Before that, characterize any policy
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Q-value function

Q-function of a policy h
measures the quality of state-action pairs:

Q"(x0, Uo) = p(Xo, o) + YR (x1)

(return achieved by executing ug in xg and then following h)
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Q-function details

@ First action vy free; remaining actions chosen with h
r,=0 r,=0 r,=5
I 2 2 |
T O
X,=2
@ Explicit formula using return:

Q"(x0, to) =D ¥*p(xk: k) = p(x0, to) + D 7¥*p(Xk, h(xk))
k=0 k=1

= p(X0, Uo) +7 D> ¥ p(Xkr1, h(Xk41))
k=0

= p(x0, Uo) +YR"(x1)
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Bellman equation

@ Go one step further in the equation:
Q" (X0, Uo) = p(Xo, Uo) + yYR"(x1)
= p(Xo, Uo) + vlp(x1, h(x1)) + YR"(x2)]
= p(xo0, Uo) +vQ"(x1, h(x1))

Recall that x; = f(Xo, Uo)

= Bellman equation for Q"

Q"(x, u) = p(x, u) +vQ"(f(x, u), h(f(x, u)))
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Cleaning robot: Q-function example

Discount factor v = 0.5
Policy h(x) = 1, always move right

l
— |||
T

5

Q. left)

Qp, right)
4
3
2
1

L

S 1 2 B 4 5

.
state, x illi
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Optimal solution

@ Optimal Q-function:
Q" =max Q"
= “Greedy” policy in Q*:

h*(x) = argmax Q*(x, u)
u

is optimal (achieves maximal returns)
(if multiple actions maximize, break ties arbitrarily)



Problem definition
0000000e000

Bellman optimality equation

Q* (X0, Up) = max Q" (xo0, Up)

= max [p(Xo, o) +vp(X1, Ur) +¥?p(Xe, Ua) + ... |

Uy, Uz,...

= p(Xo, Up) + Y max {p(X1 Ju) + ",’TaX[p(Xg, ) + .. .]}
1 2.0t

= p(Xo, Up) + v muz1ax Q*(x1, ur)
Recall X1 = f(Xo, Uo)
Bellman optimality equation (for Q*)

Q*(x,u) = p(x,u) +~ max Q*(f(x,u), U
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Cleaning robot: Optimal Q-function

Discount factor v = 0.5

I
e e e e g
5
Qx, left)
Qx, right)
4
3
2
1 —|
L ——
0 . L
0 1 2 3 4 5

state, x
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A small detour: Familiar linear case

Xk+1 = Axy + Buy =: f(Xk, Uk)

min J(xo) mmZy Xy Qxx + uy Rug)
= maxzfyk(—kaka — u] Ruy)

o0
=:max Y 7¥p(xk, ux)
k=0

@ Usually, v = 1 taken in control, whereas we need v < 1
@ Note x and u are continuous during this detour
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Linear case solution

Q(a,a',0)

@ Bellman optimality equation turns into the Riccati equation:
Y=AT(vY -22YB(yB'YB+R)'B"Y)A+Q

with optimal Q-function:
Q*(x,u) = —x"Qx — u" Ru — ~(Ax + Bu)" Y(Ax + Bu)

@ Intuition: optimal cost J(x) = x Yx
@ Optimal control policy h*(x) = —y(yBT YB+ R)~'BT YAx

h(a,’) [Nm]

50
0

-50

-100
40

0

-40
o' [rad/s] « [rad] « [rad]



Dynamic programming

Up next:

Algorithms to find the optimal solution
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Algorithm landscape

By model usage:
@ Model-based: f, p known
@ Model-free: f, p unknown (reinforcement learning)

By interaction level:
@ Offline: algorithm runs in advance
@ Online: algorithm runs with the system

Exact vs. approximate:
@ Exact: x, u small number of discrete values
@ Approximate: x, u continuous (or many discrete values)

First: Dynamic programming in the discrete case



Dynamic programming

Q Dynamic programming, DP
@ Value iteration
@ Policy iteration
@ DP analysis



Dynamic programming
[ Jolele}

Value iteration idea

We use Q-functions = specific algorithm “Q-iteration”
(there are others)

1: find optimal Q-function Q*
2: compute h*, greedy in Q*
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Q-iteration

@ Transforms Bellman optimality equation:
Q*(x,u) = p(x,u) +~vmax Q*(f(x,u), )
u/

into an iterative procedure:

Q-iteration
repeat at each iteration /¢
for all x, u do
Qui1(x, Uu) — p(x, u) +ymaxy Quf(x,u),u)
end for
until convergence to Q*
Once Q* available: h*(x) = argmax, Q*(x, u)
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Cleaning robot: Q-iteration demo

Discount factor: v = 0.5

Q-iteration, ell=4

o N s&_ o o
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Cleaning robot: Q-iteration

u
x=0 X =1 X=2 x=3 x=4 x=5
Q 0;0 0;0 0;0 0;0 0;0 0:0
Q 0:0 1:0 0:0 0:0 0;5 0:0
Q 0:;0 1:0 0.5:0 0:25 0:5 0:0
Q 0;0 1;025 05;125 025;25 125;5 00
Q 0;0 1:;0625 05;125 0625;:25 125:;5 O0:0
Q 0;0 1:;0625 05:;125 0625;:25 125:5 O0:0
h* * —1 1 1 1 *

h*(x) = argmax Q*(x, u)
u
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Q Dynamic programming, DP

@ Policy iteration
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Policy iteration

Policy iteration
initialize policy hg
repeat at each iteration ¢
1: policy evaluation: find Q"
2: policy improvement:
hey1(x) < argmax, Q™ (x, u)
until convergence to h*
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Policy evaluation

Similarly to Q-iteration:
@ Transforms Bellman equation for Q":

Q"(x, u) = p(x, u) +vQ"(f(x, u), h(f(x, u)))

into an iterative procedure:

Policy evaluation

repeat at each iteration 7
for all x,u do
Qr11(x, u) — p(x, u) + vQ-(f(x, u), h(f(x, u)))
end for
until convergence to Q"
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Cleaning robot: Policy iteration demo

Initial policy: always move left

Policy evaluation, tau=3 (at policy iteration ell=4)

5 T
Q(x, left)
Al Q(x, right)
3
nl
nl ,—
0
0 1 2 3 4 5

6 . state, x -
A |—e—a-a"|
) ]
0 . L

0 1 2 3

policy evaluation iteration, tau
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Cleaning robot: Policy iteration

T+1( )HP(X, U)—l—’)’QT(f(X, U),h(f(X, U)))
)

hy41(x) — argmax Q™ (x, u)
u

x=0 x=1 X=2 xX=3 XxX=4 x=5
o ° — = = — *
Q 0:0 0;0 0;0 0:;0 0:0 0:;0
Qi 0:;0 1:0 0:0 0:0 0:5 0:;0
Q 0;0 1:0 05:;0 0;0 0;5 0;0
Q 0;0 1; 025 05;0 0.25;0 0;5 0;0
Q 0:;0 1;025 05;0.125 0.25;0 0.125;5 00
Qs 0:0 1:;025 05;0125 0.25;0.0625 0.125;5 0:;0
Q 0:0 1;025 05;0125 0.25;0.0625 0.125;5 0:0
B — — — 1 g

...algorithm continues...
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Cleaning robot: Policy iteration (cont'd)

x=0 x=1 xX=2 x=3 x=4 x=5
R " = = — i "
Q 0:;0 0;0 0;0 0;0 0:0 0:0
Q 0:;0 1;025 05;0.125 0.25;25 0.125;5 0:0
ho * —1 —1 1 1 *
Q 0:0 0;0 0;0 0;0 0:0 0:0
Q 0:0 1:025 05;125 0.25;25 1.25:5 0:0
By — 1 1 1 -
Q 0:0 0;0 0;0 0;0 0:0 0:0

Q 0;0 1;0625 05;125 0625;25 1.25;5 0;0
ha * —1 1 1 1 *
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Q Dynamic programming, DP

@ DP analysis
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Convergence of Q-iteration

@ Each iteration is a contraction with factor ~:
1Qe1 = Qe <711 Qe = Q7|

= Q-iteration monotonically converges to Q*,
with convergence rate v = ~ helps convergence

/QO

0

for
|
|

d

1)

: |
I

|

|

d=1Q,~0*||.! up
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Stopping condition

@ Convergence to Q* only guaranteed asymptotically,
as ¢ — oo

@ In practice, algorithm can be stopped when:

||QZ+1 - QEHOO < Eqiter
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Convergence of policy iteration

Policy evaluation component — like Q-iteration:
@ Policy evaluation is a contraction with factor ~
= monotonic convergence to Q", with rate

Complete policy iteration algorithm:
@ Policy is either improved or already optimal
@ But the maximum number of improvements is finite! (\UUX‘)
= convergence to h* in a finite number of iterations
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Stopping conditions

In practice:
@ Policy evaluation can be stopped when:

”QT-H - Q‘r” < Epeval
@ Policy iteration can be stopped when:

Hhﬁ—H - h@H < Epiter

@ Note: pier can be taken 0!
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Q-iteration vs. policy iteration

Number of iterations to convergence
@ Q-iteration > policy iteration

Complexity

@ one iteration of Q-iteration
> one iteration of policy evaluation

@ complete Q-iteration ??? complete policy iteration
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0 Monte Carlo, MC



Monte Carlo

Algorithm landscape

By model usage:
@ Model-based: f, p known
@ Model-free: f, p unknown (reinforcement learning)

By interaction level:
@ Offline: algorithm runs in advance
@ Online: algorithm runs with the system

Exact vs. approximate:
@ Exact: x, u small number of discrete values
@ Approximate: x, u continuous (or many discrete values)

Next: Online RL, still in the discrete case
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Policy evaluation change

To find Q”:
@ So far: model-based policy evaluation
@ Reinforcement learning: model not available!

@ Learn Q" from data or by
online interaction with the system
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Monte Carlo policy evaluation

Recall: Q"(xo, Up) = p(xo, Uo) +vR"(x1)

-{:" r. Y ';‘-:r,(_

¥ 7

@ Trial (trajectory) from (xp, Up) to terminal xx
using uy = h(xy), uz = h(x2) etc.
= Q"(xo, Up) = return along trajectory:
K-1 .
Q"(x, Uo) = Z/:o Yl
@ Furthermore, at each step:
K-1

Q" (xk, ug) = Zj:k S Ie



Stochastic case idea
‘_,‘_, b () - (%)

Ty

e
H (%)

Average return samples over multiple trajectories
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Monte Carlo policy iteration

Monte Carlo policy iteration

for each iteration ¢ do
run N trials applying h,
reset accumulator A(x, u), counter C(x, u) to 0
for each step k of each trial i do
A(Xk, U) — A(Xx, Ux) + ZJKZT ¥7Kri 41 (return)
C(xk, ux) < C(xx, ux) + 1
end for
Q" (x,u) — A(x, u)/C(x, u)
hei1(x) < argmax, Q" (x, u)
end for )

Note: must ensure a terminal state is always reached!
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Cleaning robot: Monte Carlo demo

Monte Carlo, trial 70 [piter 7 done, peval 10]

_:_ —|—|—|— 8

——Q(x,left)
. Q(x, right) |

2
1
0 " .
0 1 2 3 4 5
- state, x
—e—h-n
2l
s
0
0 1 2 3 4 5 6

policy teration
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Need for exploration

Q"(x, u) — A(x, u)/C(x, u) )

How to ensure C(x, u) > 0 — information about each (x, u)?

@ Select representative initial states xo
© Actions:
Up representative, sometimes different from h(xo)
and in addition, perhaps:
ux representative, sometime different from h(x)
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Exploration-exploitation

@ Exploration needed:
actions different from the current policy

@ Exploitation of current knowledge also needed:
current policy must be applied

Exploration-exploitation dilemma
—essential in all RL algorithms J

(not just in MC)
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Exploration-exploitation: e-greedy strategy

@ Simple solution: e-greedy

) h(xx) with probability (1 — ex)
] arandom action W.p. £k

@ Exploration probability £, € (0,1)
usually decreased over time
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Optimistic policy improvement

@ Policy unchanged for N trials
= Algorithm learns slowly

@ Policy improvement after each trial = optimistic
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Optimistic Monte Carlo

Optimistic Monte Carlo method

init accumulator A(x, u), counter C(x, u) to 0
for each trial do
execute trial, e.g. applying e-greedy:
argmax, Q(xx,u) w.p. (1 —ek)
random W.p. €k
for each step k do ‘
Ak, k) — A, tie) + S f ! Ak
C(xk, uk) — C(xx, ux) + 1
end for
Q(x,u) — A(x,u)/C(x,u)
end for

@ himplicit, greedy in Q
@ Q updated = implicit improvement of policy h b
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Cleaning robot: Optimistic Monte Carlo demo

Monte Carlo, trial 70 [piter 70 done, peval 1]

- ||| 8
5

—Q(x, left)
. Q(x, right) |
3
2

0 1 2 3 4 5
N state, x
| —e—n-n

S EFEEEFFEEETEE
0 10 20 30 40 50 60 70

policy iteration
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e Temporal differences, TD
@ Introduction
@ SARSA
@ Q-learning
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DP perspective

@ Start from policy evaluation:
Qr1(x,u) < p(x, u) + Q- (f(x, u), h(f(x, u)))

@ Instead of model, use the transition at each step k
(Xk» Uks Xk+1, Thk1, Uk1):
Q(Xk, Uk) — iyt + 7 Q(Xky 15 Uky1)
Note: xxi1 = f(Xk, Uk), k11 = p(Xk, Uk), Uk 1 ~ B(Xk11)

© Turn into incremental update:
Q(Xk7 Uk) <_Q(Xk7 Uk) + 073

[kt + Y Q(Xk41, Uk1) — Q(Xk, Uk)]
ak € (0, 1] learning rate
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Intermediate algorithm

Temporal differences for policy h evaluation

for each trial do
init Xp, choose initial action uy
repeat at each step k
apply ux, measure Xy 1, receive r
choose next action vy 1 ~ h(Xx11)
Q(Xk, k) — Q(Xk, Uk) + v
[Fke1 + Y Q(Xit 1, Uk1) — Q(Xk, U )]
until trial finished
end for
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MC perspective

Temporal differences for policy h evaluation
for each trial do

repeat each step k
apply ux, measure X 1, receive r 4
Q(Xk, Uk) —...Q...
until trial finished
end for

Monte Carlo
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MC and DP perspectives

@ Learn from online interaction: like MC, unlike DP

@ Update after each transition, using previous Q-values:
like DP, unlike MC

he]

?

3

IS value iteration, temporal

2 policy iteration differences
3 D

8 Monte Carlo
':ES model-based model-free
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Exploration-exploitation

choose next action ux, 1 ~ h(Xk1) |

@ Information about (x, u) # (x, h(x)) needed
= exploration

@ h must be followed
= exploitation

@ E.g. e-greedy:

- {h(Xk—H) w.p. (1 —€xt1)
Uk =
random  W.p. €k 1
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e Temporal differences, TD

@ SARSA
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Policy improvement

@ Previous algorithm: h fixed

@ Improving h: simplest, after each transition

= interpretation: policy iteration
optimistic at the transition level

@ himplicit, greedy in Q
(update Q = implicitly improve h)
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SARSA

SARSA with e-greedy exploration
for each trial do
init xp
argmax, Q(xo,u) w.p. (1 —¢o)
random W.p. €g
repeat at each step k
apply uk, measure xx. 1, receive ri 1
argmax, Q(Xx+1,u)  W.p. (1 —exs1)
random W.P. €kt 1
Q(Xi, U) « Q(Xk, Uk) + ak:
[Fks1 + Y Q(Xks1, Uk1) — Q(Xk, Uk)]
until trial finished
end for

U1 =
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Origin of the name SARSA

(Xks Uk Mt X1, Uk 1) =
(State, Action, Reward, State, Action) = SARSA
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Cleaning robot: SARSA demo

Parameters: a = 0.2, ¢ = 0.3 (constant)
Xo = 2 or 3 (random)

SARSA, trial 8, step 3

F1© S
—|—|—

T

——Q(x, left)
25— Q(x, right)

0
0 1 2 3 4 5

- state,
. —e—a-q'||
3 —\\s\;
2 . -

0 1 2 3 4 5 6 7

trial
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e Temporal differences, TD

@ Q-learning
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Q-learning

@ Similarly to SARSA, start from Q-iteration:
QK—H (X7 U) — p(X7 U) + ymax, Qg(f(X, U), ul)

@ Instead of model, use at each step k the transition

(Xk> Uk, X415 Tkt )
Q(Xk, Uk) «— k1 +ymaxy Q(Xxy1,U')

Note: Xky1 = F(Xk, Uk), fk+1 = p(Xk, Uk)

© Turn into incremental update:
Q(Xk, Uk) —Q(Xk, Uk) + g
[Fic1 + v max QX1 u') — Q(xx, uk)]
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Q-learning

Q-learning with e-greedy exploration
for each trial do
init Xo
repeat at each step k
argmax, Q(xx,u) w.p. (1 —eg)
random W.p. £k
apply ux, measure xx. 1, receive ri 1
Q(Xk, ux) «— Q(Xk, Uk) + ax:
(i1 + 7 max QX1 U') = Qlxi, Uk)]
until trial finished
end for
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Cleaning robot: Q-learning demo

Parameters — like in SARSA: a = 0.2, ¢ = 0.3 (constant)
Xo = 2 or 3 (random)

Q-learning, trial 8, step 3

F1© S
—|—|—

T

——Q(x, left)
25— Q(x, right)

15
1
05 |
0
0 1 2 3 4 5
. state, x
4 [—®—a-q|
3 i
2 . . . >
0 1 2 3 4 5 6
tral
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Convergence

Conditions for convergence to Q*
in both SARSA and Q-learning:

@ All pairs (x, u) continue to be updated:
requires exploration, e.g. e-greedy

@ Technical conditions on oy (goes to 0, >3, a2 = finite,
but not too fast, Y2 ; ax — )

In addition, for SARSA:

© Policy must become greedy asymptotically
e.g. for e-greedy, limy_,.ocx =0
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Discussion

SARSA on-policy

@ Always updates towards the Q-function
of the current policy

Q-learning off-policy
@ No matter what the current policy,
always updates towards optimal Q-function

Both algorithms remain valid for stochastic problems
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Discussion (cont’d)

Advantages of temporal differences
@ Easy to understand and implement
@ Low complexity = fast execution

SARSA vs. Q-learning

@ SARSA complexity smaller than Q-learning
(no max in the update)

@ Performance: better algo depends on the problem

ak, € sequences greatly influence performance

Main disadvantage: TD require large number of data
Two possible solutions:

@ Eligibility traces
@ Experience replay
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