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* slides, illustrations and ideas adapted from: prof. Simon Prince UDLB, Stanford CS231n, LeCun, Canziani, NYU Deep Learning
** this lecture can be considered a complementary view of the Neural Networks course taught by prof. Vlad Miclea.



https://udlbook.github.io/udlbook/
http://cs231n.stanford.edu/
https://atcold.github.io/NYU-DLSP21/

Recap: Function approximation in RL

Represent and learn from data V(x), O(x, u) and even h(x) using neural networks:

o V(x: 0
o Qx,u;0)
e h(x;0)

Goal: Compute the terms required to update the weights 6:

—~

9k+1 = Ok + ak%Q(Xk, Uk; 9/()-

M1 +ymax Q(Xk+1,U; 0k) — Q(Xk, Uk; Ok)

* Notation will be slightly different for this course, eg. tilde instead of hat.



Shallow neural networks



Consider a neural network

Let’s go from a two-parameter linear model:

y = flz, @]
= Qo + )17

To something just a bit more complicated:

y = flz, @]
= ¢o + 918|010 + O117] + P2a(020 + O212] + P3all30 + 0312

b



Shallow neural network

y = flz, @)
= ¢o + ¢1a|010 + O117] + P2a(020 + O212] + P3all30 + 0312



Shallow neural network

y = flz, @]
= ¢o + ¢1a|010 + O11x] + P2allao + O212] + Psalbsg + 0312

50

0 z <0
a[z] = ReLU|[z]| = {z S0

RelLU[z]

Rectified Linear Unit
(particular kind of activation function)
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Shallow neural network

y = flz, @)
= ¢o + ¢1a|010 + O117] + P2a(020 + O212] + P3all30 + 0312

This model has 10 parameters:

¢ = {0, b1, d2, 93,010,011, 020,021,030, 031 }

Represents a family of functions
Parameters determine particular function
Given parameters can perform inference (run equation)
Given training dataset:
o  Define loss function (eg.: least squares)
o  Change parameters to minimize loss function



Shallow neural network

y = flz, @]
= ¢o + ¢1al010 + O112] 4+ Poalla0 + O212] + P3all30 + 0312
a)I,O b) C)
go.o\/ |
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with three joints



Shallow neural network

y = flz, @]
= ¢o + ¢1a|010 + O117] + P2a(020 + O212] + P3all30 + 0312

Break it down into two parts:
Y = ¢o + ¢1h1 + @2k + @3h3

where:

~

hl = a:Hlo —+ (91123:
hg = a:920 -+ (921513:
hs = all3g + 0312

~

A




. o+ 0z

1. Compute three linear functions

B3 + B3,
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2. Pass through RelLU activations (hidden units)

hlza
hzza
h3:a

010 + 0117
020 + 0212

030 + 0312]

~e
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3. Weigh the hidden units



(.'{'f,f'(‘;
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Output. y

Yy = @o + ¢1h1 + P2ha + Pshs

4. Sum the weighted activations



Shallow neural network

Yy = ¢o + ¢1al010 + 0112] + p2al020 + O212] + @3a|030 + O312].
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Output

- which hidden units are activated
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Depicting neural networks

hlza
h2:a
hgza

:910 + 91156:
:92() -+ 82156:

:(93() + (931 ZL‘
a)

Y = @0 + ¢1h1 + ¢2ha + @3hs3

Each parameter multiplies its sources and adds to its target



Universal approximation theorem



Arbitrary number of hidden units

From 3 hidden units:

hl = 3[910 -+ 01133:
ho = a[ego + 921513:
hs = alf30 + 0317

To D hidden units:

hqg = albgo + 0a12

Yy = ¢o + ¢1h1 + ¢2ha + P3h3

D
y=do+ Y _ daha
d=1



With enough hidden units...

a) | b) c)
5 linear regions o 10 120 linear regions
VN {
~ \\\ ,',’
\‘d \‘ "
= \ /
aoo \\ /’
+ N Vid
S \ 7
O g
A /
(Y [}
\\_-/
'I.O T v T v T T T T T T T g T T T T T T T T T T
0.0 1.0 2000 1.0 2000 1.0 2.4
Input, x Input, x Input, x



Universal approximation theorem

Hornik, 1990



Multivariate

h1:a
hgza
h3:a

010 + 01171 + 01222
020 + 02121 + O20x]

030 + 03121 + O3222]

Y = Qo + ¢1h1 + O2h2 + @3h3

, 3 hidden units, 1 output



030 + 03171 + 03222

020 + 02121 + 222

010 + 01171 + 01222




20 + 02171 + O2272 O30 + 03171 + 03272
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ho = a[f20 462121 +02025] hs =a[f30 4603121 +03222]

0+61121 +01222)
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|nput, X9
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Input, z2
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Convex polygons




Function space / Data space

ol = Go+@1h1+P2ho+@3h3

Output, y




Multivariate




Deep Neural Networks



Two-layer networks

hi = albio + 0117 hy = a0 + Y11h1 + Y12he + 13hs
hy = albao + 0212 ho = althog + o1ha + osho + 1o3hs
hs = all30 + 0317 hs = al[tso + Ps1he + Y32ha + 133hs3

y' = o+ $1hi + Gaha + Gyl

o /




Remember shallow network with two outputs

Input,

"~ 20



Deep networks are just function composition!

h1:a
hgza
hgza

010 + 0112 hi = aftb1o + Y11h1 + Y12hs + Y1303
020 + 0217, ho = althog + o1ho + osho + o3hs
030 + 0312 hi = altsg + Ps1ha + Wssho + 33hs

Consider the pre-activations at the second hidden units.
At this point, it’s a one-layer network with three outputs.
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Hyperparameters

e Klayers:

e D, hidden units per layer k:

e We choose these before training.

e And we usually search for the best values by retraining with different
hyperparameters.



Vectorized notation

hi = a[tho + 6112 hy
hg = a[ego + 921513': h2 = a

hs = alf3g + 0312

10
620
030

(911
+ 921 X
031

hy = a[th10 + Y1171 + Y12hs + P13hs3
hi = a[thag + 21h1 + Pashs + Pashs
h4 = alzo + ¥31h1 + PY32ho + P33hs3

y' = ¢ + ¢1hh + dhhy + Phhy



Vectorized notation

hy = a[@lo + (911513: hq 910
hy = alfo + 021 ha| =a | |02

hs = alf30 + 0312 h

011
+ |02 |
031

Y11 Y12 Y1z |
+ |21 P22 tosz| |he
Y31 Y32 P3z| |hs

030

hy = a1 + Y11hy + hi2he + Y13hs {

) _ hi Y10
hy = althoo + 211 + thasho + Phashs. ho| =a | [va
hy = a[thso + ¥s1h1 + P3aha + 33hs hs Y30




Vectorized notation

hy = a[elo + 911513: hq 910
hy = alfo + 021 ha| =a | |02

hs = alf30 + 0312 h

030

011
+ 921 X
031
h| = alth1o + Y11h1 + Y12he + 13h3

, : hi Y10 Y11 Y12 Yz |
hy = althao + 21h1 + tha2ha + hashs. ol =a | || + |21 22 ol |he
hy = aftzo + ¥31h1 + Ysahe + 33hs h’ V30 W3o Y32 Y33 | |hs

hi
y' = ¢h + ¢\ ht + SLh + dLh) - Y =¢0+ [ ¢y 9] [hzl
h3




Synthetic vectorized notation

hy 010 011 ]
ho| =a | |b2]| + |O21]| h = a [00 —|— HZE

h3 030 031 7
hi 10 Y11 Y2 Yiz| [ p

hy| =a | V20| + [Y21 Y22 23| |he h — 1 [¢0 -+ \Ilh}
hy Y30 Y32 Y32 33| |ha

h
y'=oh+ (o @b o] H y= ¢+ ¢'h’

hiy



Uniformized notation across layers (+ multiple inputs)

h=al|0,+ 0z h, = a|3, + Qx|

h' =afy,+ Ph hy = a[B; + Q1hy

y = ¢, + ¢'h’ y = 35 + Q2hy



Uniformized notation across layers (+ multiple inputs)

h=al|0,+ 0z h, = a3, + S{Ox}

h' =afy,+ Ph hy = a[B; + Q1hy

y = ¢, + ¢'h’ y = 35 + Q2hy



General equation for deep networks

h1 = aﬂo + Q()X]
hy = a|3; + Q21h,]
h; = a[3, + Q2h,]

hg =a|Bx_ 1+ Qg _1hg 1
y = Br +Qrhg,

y =Bk +Qka|Bx_1 + Qx_1al... B, + a8, + Qa8 + Qox]]...]



...also known as an MLP (multi-layer perceptron)

Sl 2 <
O=a\ ' (F
QO = R4X3 ﬂl = R2X4 92 = R3><2 QB e R2><3
Inout. x Hidden Hidden Hidden Outout
Pus, layer, h; layer, ho layer, hg put, ¥y

D=3 D, =14 Bo=2 D3 =3 Dy=2



Activation functions

a)
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Depth efficiency of neural networks



1. Function approximation capacity

e Both shallow and deep neural networks obey the

e Does it mean that one layer is enough?!



Shallow vs. deep networks

Figure 20.2 MNIST-1D training. Four
fully connected networks were fit to 4000
MNIST-1D examples with random labels
using full batch gradient descent, He ini-
tialization, no momentum or regulariza-
tion, and learning rate 0.0025. Mod-
els with 1,2,3,4 layers had 298, 100, 75,
and 63 hidden units per layer and 15208,
15210, 15235, and 15139 parameters, re-
spectively. All models train successfully,
but deeper models require fewer epochs.

100

% Train error

1 hidden layer

2 hidden layers
3 hidden layers
4 hidden layers

(&)

' Epoch

500K



2. Number of linear regions per parameter

Input dimension D; =1
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N
—
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marker: 10 hidden units per layer
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161,501 linear regions

Input dimension D; = 10
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Number of regions
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K=5

10000 20000
Number of parameters

5 layers (up to)
marker: 50 hidden units per layer
10,801 parameters

10%3 linear regions illi



Shallow vs. deep networks

The best results are obtained by deep networks with many layers:
e 50-1000 layers for most applications
e Over ~10-15 layers additional tricks are required (normalisation, residual connections)
e Bestresultsin:

o Computer vision

(@)

Natural language processing

@]

Graph neural networks

Generative models

O

(@)

Reinforcement learning (ongoing research)



Loss functions



Training a simple model

1.0
Intercept, ¢o

2.0

Compute the change in
parameters required to
make the loss smaller

Apply the change and get
new parameters

Repeat from (2)



Loss function

e Training dataset of I pairs of input/output examples:

{Xia Yi}7{:1

° or measures how bad the model is:

L ¢7 f[Xa ¢]7 {X’ia Yi 7{:1

~—— ~~ d
model train data




Loss function

e Training dataset of I pairs of input/output examples:

{Xm}’i 5:1

° or measures how bad model is:

Lig]

Returns a scalar that is smaller
when model maps inputs to
outputs better



Loss function as an optimization objective

Find the parameters that minimize the loss:

¢ =argmin_ [ L(@) ]



Example:

L(p) =E[r + y max_Q(, u’; ¢) - Q(x, u; )]

— "

target current estimate



Computing gradients



Training a simple model

0.0 1.0
Intercept, ¢o

2.0

Define a loss function

Apply the change and get
new parameters

Repeat from (2)



Neural network

h1 = a[,@o + Q()X]

hy; = a|B3; + Q1hy
h; = a8, + Q2hy
flx, ] = B3 + Q3h3
Input. x Hidden Hidden Hidden Output
P layer, h; layer, ho layer, hs wput, ¥
D=8 D, =14 Dy=12 D; =3 D, =%



Setup

Loss, sum of individual terms: Zf = Zl[f Xi, ¢, yi
=1
SGD algorithm ¢t+1 — th
1€By
Parameters Qb: {,BO,QO,,Bpﬂla/BQaQQaB(%93}
ol nd 0l
11



Big deal?

y' = ¢y + dlahio + Y11alf10 + O11x] + Y10a[lag + O217] + 13a[030 + O317]
+ poalihag + a1alf10 + 0112] + Wesa[bag + O21x] + Vozalbso + O317]]
+ ¢ralihzo + s1alf10 + 011x] + P32a[fag + O212] + 33a[b50 + O312]]

Huge equation, and we need to compute derivatives:

e for every parameter
e forevery pointin the batch
e forevery iteration of SGD



Backpropagation algorithm. pass

Training

L Q ! % 23 output, y
O O
) D O
O : O O
= o

Training Hidden Hidden Hidden Output,

input, x layer, h; layer, hy layer, hs f[x, | Lags, £
e Blue weight multiplies activation (ReLU output) in previous layer
e We want to know how change in affects loss
e If we double activation in previous layer, weight will have twice the effect
e Conclusion:



Backpropagation algorithm. pass

Training
output, y

5 :
50 o g0 ]
O 5 O

Q Q Q5

To compute how a small change in a weight feeding into h, modifies the loss, we need:

e How h, changes the model output
e How the output changes the loss



Backpropagation algorithm. pass

b)

O
O

. OF—= O

LOO

To compute how a small change in a weight feeding into h, modifies the loss, we need:
e How achange in layer h, affects h,
e How h, changes the model output
e How the output changes the loss



Backpropagation algorithm. pass

c)

AN g W
Q) ) Q%Q@
&

Training Hidden Hidden Hidden Output,

input, x layer, h; layer, ho layer, hj f[x, @] Loss, ¢

To compute how a small change in a weight feeding into h, modifies the loss, we need:

e How achangein layerh, affectsh,
e How achange in layer h, affects h,
e How h, changes the model output
e How the output changes the loss



Toy example

fl, ] = B3+ wy - 05| By + wa - exp[By +wi - sin[Bo + wo - a]] |
l; = (flzs, @] — yz‘)z
e A series of functions composed with each other

e Unlike in neural networks it consists of scalars and not vectors and matrices

e The “activation functions” are just sin, exp, cos



Toy example

flz, p] = B3 +ws - cos| By + wa - exp [51 + w1 - sinBy + wo -

b = (flzi, ] — yi)"

Derivatives of the activation functions

0 exp|z]
0z

0sin|z]

0z

0 cos|z]

0z

= — sin[z] = exp[z] = — COS[Z:



Warmup! Derivative of ReLU

2.0
ORelU[z
z <0 ' P
> 0 . 45 s
z
— S0
3
@
2.0 .
2.0 0.0 2.0
Input, 2z
I[z>0



Toy example

flx,d| = B3 + w3 - cos | B + wa - exp [51 + wy - sin|Bp + wo - x]ﬂ

b = (flzi, ] — yi)"

How does a small change in

B, change the loss £ for the
We want to compute: i'th example?

ol; ol; ol; ol; ol; ol; ol; nd ol;
5’507 36007 551’ 5w1’ 3527 3602’ 553’ Ows

b



Gradients of composite functions

flz, ¢] = B3 + w3 - cos| Bz + wa - exp |1 + wi - sinBy + wp - JJ]H

l; = (flzi, @] — vi)?

Calculating expressions by hand:

e Some expressions are very complicated
e There are some redundancies

0t; - -2 (,63 + w3 - cos [62 + wa - exp[ 1 + wi - sin[By + wo M”} - y7)

5w0

WiWaws - X; - o8|y + wo - ;] - exp [51 + wy - sin[By + wp - xz]}

-sin {52 + Wy - exXp [/)’1 + wy - sin[By + wo - xq]”



Forward pass

Remember function composition: layers “in reverse” in the formula, first layer is the innermost function.

flx,d| = B3 + w3 - cos | B + wa - exp [51 + wy - sin|Bp + wo - x]ﬂ

l; = (flzi, @] — vi)?

1. Write this as series of fo =050 +wo - x; fo = Po + ws - h
intermediate calculations hy = Sin[fo] hs = COS[fQ]

2. Compute these fhi=p051+w - f3 = B3 + w3 - hs3
intermediate quantities ho = exp[fl] b = (f3 — ,%‘)2-

up



Backward pass
flx,d| = B3 + w3 - cos | B + wa - exp [51 + wy - sin|Bp + wo - x]ﬂ

l; = (flzi, @] — vi)?

1. Compute the derivatives of ol; ol oL, ol oY, oY, Y,

the loss with respect to these and

intermediate quantities, in Ofs" Ohs” 0f:" Ohy Ofi Ohy dfo

ohy of ohy ofs ohs afs
® eteleteletele—
9o

b



Backward pass

1. Compute the derivatives of
the loss with respect to these
intermediate quantities, in

The first are easy:

ohy of ohy ofs ohs afs
® eteleteletele—
9o

Jo = Bo + wo - x; fo = Bo + wa - hs
hy = sin| fo] hs = cos|fa]

fi=Prtwi-h fs = B3 + w3 - hg
ha = explfi] l = (fs — vi)?.

ol

8f3 (fB_yz)

b



Backward pass

1. Compute the derivatives of fo = fo +wo - i fo = B2+ wa - hso

the loss with respect to these hy = sin| fo] hs = cos|fs]

intermediate quantities, in fl = fB1 +wi - hy f3 — 53 + ws - hs
ha = exp|fi] Ui = (f3—ui)?.

The rest are computed using ag@ _ af3 86%
the ' 3h3 8h3 81‘3

How does a small
How does a small change in f,; change £,?
change in h, change £,?
How does a small
change in h, change f,?



Backward pass

fo = Bo +wo - x;

1. Compute the derivatives of

the loss with respect to these hi = Sin[fo]
intermediate quantities, in fi =061 4+wi M
h2 = exp[fl]

The rest are computed using ag@ - af3 86%

the | Ohs  Ohs Ofs

How does a small
change in h, change £,?

fo = B2+ wa - h

hs = cos|fs]
f3=0B3+ws - h3
b= (f3—ui)>

Already computed!



Backward pass

1. Compute the derivatives of
the loss with respect to these
intermediate quantities, in

The rest are computed using
the

Jo = Bo +wo - fo = B2 4+ ws - hs
h1 = sin[fo] hs = cos| fs]
J1 =01 twi- M fa = B3 +ws3 - hs
hy = explfi] b= (fs —vi)*.
ot ( o, 8f3> Ohs
dfs 0f3 Ohs ) Of2
Already computed! -sin(f,)



Backward pass

1. Compute the derivatives of
the loss with respect to these
intermediate quantities, in

The rest are computed using
the

fo = Bo + wo - x;

hl = SiIl[f()]

f1 =01 +wi -y

ha = exp|fi]

dfs  \Of30hs) 0fs

fo = B2+ wa - h

hs = cos|fa]
f3=0B3+ws - h3
b= (f3—ui)>



Backward pass

1. Compute the derivatives of
the loss with respect to these
intermediate quantities, in

The rest are computed using
the

fo = Bo + wo - x;

hl = SiIl[f()]
fi=01+wi-h

h2 = exp[fl]

[ <6fi 8f3) Ohs
dfs  \Of30hs) 0fs

or; (6&- 0fs 8h3> 0 fa
Ohy O0f3 Oh3 Ofs ) Ohs

fo = B2+ wa - h

hs = cos|fa]
f3=0B3+ws - h3
b= (f3—ui)>



Backward pass

1. Compute the derivatives of
the loss with respect to these
intermediate quantities, in

The rest are computed using
the

Jo = Bo + wo - x; fo = B2 4+ ws - hs
hy = sin| fo] hs = cos|fa]
Ji=p01 4w fa = B3 + w3 - hs
hQ = exp[fl] gz — (f3 o %)2
% (5& 3f3) Ohs

dfa O0f3 Ohz ) Of2

ot (aei ofs 8h3> a7,

Ohy 0f3 Ohg Ofs ) Oho

ov; B (3& 0fs Ohs 5f2) Ohso

0f1 N 0f3 Ohs Of2 Oha ) Of1

ol; Ol; Of3 Ohg Ofy Oho\ Of1

Ohq 0f3 Ohg Ofy Oho Of, ) Ohy

oY, (3& 0f3 Ohsg Ofy Ohs 3f1> Ohy

dfo Of3 Ohs Ofy Ohy Of1 Oh1 ) Ofo



Backward pass

1. Compute the derivatives of fo = Bo +wo - i fo = B2+ wa - hso

the loss with respect to these hy = sin| fo] hs = cos|fa]

intermediate quantities, in fl = fB1 +wi - hy f3 — 53 + ws - hs
ha = exp|fi] Ui = (f3—ui)?.

all the way down!

ohy of ohy ofs ohs afs
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Backward pass

Jo = Bo +wo - fo = Bo + wa - hs
hy = sin|fo] hs = cos|fs]

J1i=0twi- I f3 = B3 + w3 - hs
ha = expl /i b= (fs —v)”.

all the way down! Same recipe for weight and bias terms too!




Backward pass

Jo = Po +wo - x;
2. Find how the loss changes as hy = Sin[fo]

a function of the
fi=p1 4w
h2 == exp[fl]

all the way down! Same recipe for weight and bias terms too!

ol;  Ofy 0L
awk N awk 8fk

fo = B2+ wa - h

hs = cos|fa]
f3 = B3 + w3 - h3
b= (f3—ui)>



Matrix calculus

Extension to multiple inputs and outputs, matrices of weights etc. is of course
possible (and required for actual neural nets), but we will not cover it here.



Automatic (or algorithmic) differentiation

e Modern deep learning frameworks compute derivatives automatically
e You just have to specify the model and the loss
e How?
o  Each component knows how to compute its own derivative
[ ReLU knows how to compute deriv of output w.r.t. input
[ Linear function knows how to compute deriv of output w.r.t. input
[ Linear function knows how to compute deriv of output w.r.t. parameter
o  You specify the order of the components
o It can compute the chain of derivatives
e Works with branches as long as it’s still an acyclic graph
e Inanutshell: AD takes a program which computes a value and automatically constructs a

procedure for computing derivatives of that value.



Optimisation



Training a simple model

1.0
Intercept, ¢o

2.0

Define a loss function

Compute the change in
parameters required to
make the loss smaller

Repeat from (2)



Gradient descent

I I
L] = Z& = Z (flzi, @] — i)

(Po + pra; — yz‘)g
1

2

0.0 1.0 2.0
Intercept, ¢g



Gradient descent
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Gradient descent
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Gradient descent
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Gradient descent

o, |8 [ 2(go + $17: — ;) ]
O 2 2xi (o + D15 — i)
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Intercept, ¢ @ = step size or learning rate if fixed



Gradient descent

o 2% B [ 2(po + P15 — i) ]
O 2 2xi (o + D15 — i)
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Intercept, ¢

a = step size



Gradient descent

~ Loss, L[@]
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Gradient descent

o 2% B [ 2(po + P15 — i) ]
O 2 2xi (o + D15 — i)
0L
b ¢—ay
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Intercept, ¢

a = step size



Gradient descent

o 2% B [ 2(po + P15 — i) ]
O 2 2xi (o + D15 — i)
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Intercept, ¢

a = step size



Gradient descent
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Gradient descent
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Gradient descent

Loss, L[¢]
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Non-convex case. Gabor model

0.06 - 2
flz, @] = sin[¢pg + 0.06 - p1x] - exp (— (Yo + 20 1) )
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Gabor model

flx, p] = sin[pg + 0.06 - ¢1z] - exp (_ (o + 0.06 - ¢1$)2>
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Gradient desce r

/A
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Gradient descent gets to the
global minimum if we start in
the right “valley”

Otherwise, descent to a local
minimum

Or get stuck near a saddle
point



Solution: add noise!

e Compute gradient based on
only a subset of points — a

e Work through dataset
sampling without
replacement

e One pass though the data is
called an




22.5

¢1

25
-10

,-

Gradient descent /4%

10

Stochastic gradient descent

Before (full batch descent)
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Stochastic
gradient descent




Properties of SGD

e Can escape from local minima

e Adds noise, but still sensible updates as based on part of data
e Uses all data equally

e Less computationally expensive

e Seems to find better solutions

e Doesn’t converge in traditional sense
e Learning rate schedule — decrease learning rate over time



Momentum

Weighted sum of this gradient and previous gradient

o¢;|
m; 1 < 3-my+ (18 Z ¢t

ZEBt

Pii1 ¢ Oy — My

Main intuition: increase speed when direction is clear, damp
oscillations (but there’s more to the story)
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Adaptive moment estimation. Adam




Normalized gradients

Measure mean and pointwise squared gradient
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Normalized gradients

Measure mean and pointwise squared gradient
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Normalized gradients

Measure mean and pointwise squared gradient

aL[¢ ] c)1 Loss, L[¢]
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Normalized gradients

Compute mean and pointwise squared
gradients with momentum

Moderate near start of the sequence

Update the parameters
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Adaptive moment estimation. Adam
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