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Partea Il

Solutia optimala. Programarea dinamica



Recap: Principiul RL

functie de
recompensa
algoritm RL

@ Interactiune cu un sistem prin stari si actiuni

recompensa

actiune

@ Feedback despre performanta in forma recompensei



Recap: Elemente RL

recompensar=>5

v
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noua stare x’

@ Masoara starea x
@ Aplica actiunea u
cf. legii de control u = h(x)
@ Atinge o noua stare x’ y
cf. functiei de tranzitie x’ = f(x, u), sau x’ =~ f(x, u, )
@ Primeste recompensa r = calitatea tranzitiei
cf. functiei de recompensa r = p(x, u), sau r = p(x, u, x’)

Obiectiv: maximizeaza returnul R"(xp)



Partea Il in plan

Problema de invatare prin recompensa

Solutia optimala

Programarea dinamica (variabile discrete)

Invatarea prin recompensa (variabile discrete)

Tehnici de aproximare

Programarea dinamica cu aproximare (var. continue)
Invatarea prin recompensa cu aproximare (var. continue)
Planificarea online (var. continue si discrete)



Continut

0 Solutia optimala

e Progamarea dinamica — cazul determinist
Q Analiza algoritmilor de programare dinamica
@ Progamarea dinamica — cazul stohastic

e Solutia cu functii V si relatia cu Controlul Optimal



Solutia optimala

0 Solutia optimala
@ Cazul determinist
@ Cazul stohastic



Solutia optimala
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Reamintim: Obiectiv

Gasirea unei legi de control optimale h*, care
maximizeaza returnul

R'(x0) =Y 7*nerr = > +*p(Xk, h(xx))
k=0 k=0

din orice xg, pentru un proces de decizie Markov

@ in aceasta sectiune: caracterizarea solutiei optimale
@ Mai intai: caracterizarea unei legi de control oarecare



Solutia optimala
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Funcitii de valoare

@ Functia V a unei legi de control h
masoara calitatea starilor:

V(x0) = R"(x0)
(acelasi lucru ca si returnul)
@ Functia Q a unei legi de control h
masoara calitatea perechilor stare-actiune:
Q"(x0, o) = p(Xo, Up) + ¥R (x1)

(returnul obtinut efectuand ug in xq si apoi urmarind h)



Solutia optimala
[e]e] lele]ele]ele]

Focus: Functia Q

@ Functia Q lasa libera alegerea primei actiuni up;
restul actiunilor sunt alese folosind h:

r,=0 r,=0 r,=5
u=1 ¥ +
X,=2
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Focus: Functia Q (continuare)

(X0, o) ZW p(Xk, Uk)

= p(Xo, Up) + kaP(Xk, h(x))
e

= p(X0, Uo) +7 > ¥ p(Xkr1, A(Xk41))
k=0

= p(xo, Up) +YR"(x1)

@ De ce functia Q? Mai usor de folosit pentru a alege actiuni
(mai tarziu)
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Ecuatia Bellman

@ Dezvoltam functia Q un pas Tnainte:
Q" (xo, Uo) = p(Xo, Uo) + vR"(x1)
= p(Xo, Uo) + v[p(x1, h(x1)) + 7R"(x2)]
= p(X0, Uo) +vQ"(1, h(x1))

Reamintim: x; = f(xo, Up)

= Ecuatia Bellman pentru Q"

Q"(x, u) = p(x, u) +yQ"(f(x, u), h(f(x, u)))
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Robot menajer: Exemplu de functie Q

Factor de discount v = 0.5
Legea de control h(x) = 1, permanent la dreapta

—|—[—|— 8

I
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Q. left)
Qp, right)

L
state, x illi
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Solutia optimala

@ Functia Q optimala:
Q= max Q"
= Legea de control “greedy” in Q*:

h*(x) = argmax Q*(x, u)
u

este optimala (obtine returnuri maximale)
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Ecuatia de optimalitate Bellman

Q* (X0, Up) = max Q" (xo0, Uo)

= max [p(xo, o) +vp(X1, U1) +¥2p(Xo, Uz) + ... ]

uy,lz,...

= p(Xo, Up) + max {p(X1 Ju) 4y rpax[;;(xz, Up) + .. .]}
1 24000

= p(Xo, Uo) + ¥ max Q" (x4, tn)
Reamintim: x; = f(xo, Up)
Ecuatia de optimalitate Bellman (pentru Q*)

Q*(x, u) = p(x, u) +ymax Q"(f(x, u), )
u/
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Robot menajer: Functia Q optimala

Factor de discount v = 0.5

I
e e e e g
5
Qx, left)
Qx, right)
4
3
2
1 —|
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state, x
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0 Solutia optimala

@ Cazul stohastic
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Reamintim: MDP, cazul stohastic

Se schimba:
@ Functia de tranzitie f(x, u,x’), f: X x Ux X — [0,1]
@ Functia de recompensa j(x,u,x"), p: XxUxX—-R

Obiectiv: Gaseste h care maximizeaza returnul asteptat:

Rh(xo) = Ex; x,... {Z Vkﬁ(xk7 h(xk), Xk+1)}

k=0

din orice xg
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Exemplu: Tnlocuirea unei masini

@ Profit: vi =1, =0.9,...,v5 =05
@ Costul unei masini noi: ¢ = 1
@ Probabilitati de crestere a uzurii:

06 03 01 0 0
06 03 01 0

loj] = 0.6 0.3 0.1
0.7 0.3

1.0
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inlocuirea unei masini: MDP

inlocuieste

@ Functia de tranzitie:

pj dacdu=Asii<j
fi,u,j)=<¢1 dacau=Ilsij=1
0 1norice alta situatie

@ Functia de recompensa:

5 u, ) = Vi dacau=A
L) = —c+vy dacau=I
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Solutia in cazul stohastic

Functia Q a unei legi de control h:

Q"(xo, Up) = Ex, {ﬁ(Xo, U, X1) + VRh(XO}

Semnificatie similara: returnul asteptat obtinut
efectuand ug In xp si apoi urmarind h

Definitia ramane neschimbata pentru:
@ Functia Q optimald: @* = max, Q"
@ Legea de control optimala: h*(x) = argmax, Q*(x, u)
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Ecuatiile Bellman in cazul stohastic

@ Ecuatia Bellman pentru Q":
Q"(x,u) = EX/{ 5(x, u, x') + Q" (X', h(x ))}
_foux [ (x,u,x") +~Q"(x’, (x’))}

@ Ecuatia de optimalitate Bellman:
Q*(x,u) =Ey {ﬁ(x, u, x") +ymax Q*(x’, u’)}
u/

_foux [ xux)+7maxQ*(x u)}
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inlocuirea unei masini: Solutia optimald

Factor de discount v = 0.9

W R |98,

g6

Qix, Wait‘)

84+F Qfx, Replace) H
82r
sl
T8¢
T6¢F
TaF —— =

state, x
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Urmeaza:
Algoritmi pentru a gasi solutia optimala
In aceastd parte: Algoritmi de programare dinamica

@ lteratia pe valoare

Q lteratia pe legea de control



Solutia optimala
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Progamarea dinamica in gama de algoritmi

Dupa utilizarea unui model:
@ Bazat pe model: f, p cunoscute
@ Fara model: doar date (invatarea prin recompensa)

Dupa nivelul de interactiune:
@ Offline: algoritmul ruleaza in avans
@ Online: algoritmul controleaza direct sistemul

Exact vs. cu aproximare:
@ Exact: x, u numar mic de valori discrete
@ Cu aproximare: x, u continue (sau multe valori discrete)



DP — determinist

9 Progamarea dinamica — cazul determinist
@ lteratia pe valoare
@ lteratia pe legea de control



DP — determinist
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lteratia pe valoare

lteratia pe valoare

1: gaseste functia optima de valoare, de ex. Q*
2: calculeaza h*, greedy in functia optima de valoare



@ Transforma ecuatia de optimalitate Bellman:

Q*(x, u) = p(x, u) + ymax Q*(f(x, u), )
u/
intr-o procedura iterativa:

lteratia Q

repeat la fiecare iteratie ¢
for all x, u do
QE—H (X7 U) N p(X, U) + 7y maxy Qf(f(x7 U): U/)
end for
until convergenta la Q*
Odata ce Q* disponibila: h*(x) = argmax, Q*(x, u)



DP — determinist
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Robot menajer: iteratia Q, demo

Factor de discount: v = 0.5

Q-iteration, ell=4

:

o N sa_® o
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Robot menajer: iteratia Q

u
x=0 x=1 X=2 x=3 x=4 x=5
Q 0;0 0;0 0;0 0;0 0;0 0:0
Q 0:0 1:0 0:0 0:0 0;5 0:0
Q 0:;0 1:0 0.5:0 0:25 0:5 0:0
Q 0;0 1;025 05;125 025;25 125;5 00
Q 0;0 1:0625 05;125 0625;:25 125:5 O0:0
Q 0;0 1:;0625 05:;125 0625;:25 125:5 0:0
h* * —1 1 1 1 *

h*(x) = argmax Q*(x, u)
u
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lteratia pe legea de control

lteratia pe legea de control

inifializeaza legea de control hy
repeat la fiecare iteratie ¢
1: evaluarea legii de control: gaseste Q"
2: imbunatatirea legii de control:
hey1(x) < argmax, Q™ (x, u)
until convergenta la h*
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Evaluarea legii de control

Ca si iteratia Q:
e Transforma ecuatia Bellman pentru Q":

Q"(x, u) = p(x, u) +yQ"(f(x, u), h(f(x, u)))
intr-o procedura iterativa:

Evaluarea legii de control

repeat la fiecare iteratie 7
for all x,u do
Qri1(x, 1) — p(x, U) + Q- (F(x, u), h(f(x, u)))
end for
until convergenta la Q"
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Robot menajer: iteratia pe legea de control, demo

Legea initiala de control: permanent la stanga

Policy evaluation, tau=3 (at policy iteration ell=4)

' ©
—|—|—|—

T
5 T T

— Q(x, left)
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policy evaluation iteration, tau
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Robot menajer: iteratia pe legea de control

T+1( )HP(X, U)—l—’)’QT(f(X, U),h(f(X, U)))
)

hyy1(x) — argmax Q™ (x, u)
u

x=0 x=1 X=2 xX=3 XxX=4 x=5
o ° — = — — *
Q 0:0 0:;0 0;0 0:;0 0:;0 0:;0
Qi 0:;0 1:0 0:0 0:0 0:5 0:;0
Q 0;0 1:0 05:;0 0;0 0;5 0;0
Q 0;0 1; 025 05;0 0.25;0 0;5 0;0
Q 0:;0 1;025 0.5;0.125 0.25;0 0.125;5 00
Qs 0:0 1:;025 05;0125 0.25;0.0625 0.125;5 O0:;0
Q 0:0 1;025 05;0125 0.25;0.0625 0.125;5 0:;0

h * — — — 1 -

...algoritmul continua...
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Robot menajer: iteratia pe legea de control (cont.)

x=0 x=1 xX=2 x=3 x=4 x=5
R * = = — i "
Q 0:;0 0;0 0;0 0;0 0:0 0:0
Q 0:;0 1;025 05;0.125 0.25;25 0.125;5 0:0
ho * —1 —1 1 1 *
Q 0:0 0;0 0;0 0;0 0:0 0:0
Q 0:0 1:025 05;125 0.25;25 1.25:5 0:0
By — 1 1 1 -
Q 0:0 0;0 0;0 0;0 0:0 0:0

@& 0;0 1;0625 05;125 0.625;25 1.25;5 0;0
hy * —1 1 1 1 *




Analiza

e Analiza algoritmilor de programare dinamica
@ lteratia pe valoare
@ lteratia pe legea de control
@ Comparatie



Analiza
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Convergenta iteratiei Q

@ Fiecare iteratie este o contractie cu factor ~:
Qe+t — @l <7 11Qr = Q7|

= iteratia Q converge monoton la Q*,
cu rata de convergenta v = v ajuta convergenta

/QO

1 yd

I |
I

I

|

|

d=[1Q,-0*||.! up
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Criteriu de oprire

@ Convergenta la Q* garantata la limita, cand ¢ — oo
e In practica, algoritmul poate fi oprit cand:

||Q€+1 - Qf”oo < Eqiter



Analiza
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Convergenta iteratiei pe legea de control

Componenta de evaluare — ca si iteratia Q:
@ lterajia de evaluare este o contractie cu factorul v
= converge monoton la Q", cu rata de convergenta ~

Algoritmul complet:
@ Legea de control este fie imbunatatita, fie deja optimala
@ Dar numarul maxim de imbunatairi este finit! (\UHX‘)
= converge la h* intr-un numar finit de iteratii
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Criterii de oprire

in practica:
@ Evaluarea legii de control poate fi oprita cand:

”QT-H - QT” < Epeval
@ Algoritmul complet poate fi oprit cand:

Hhﬁ—H - h@H < Epiter

@ De notat: epier poate fi 0!
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Comparatie intre algoritmii DP

Numar de iteratii
@ iteratia valoare > iteratia legea de control

Complexitate
@ iteratia valoare > evaluarea legii de control
@ iteratia valoare ??? iteratia legea de control



DP — stohastic

0 Progamarea dinamica — cazul stohastic
@ lteratia pe valoare
@ lteratia pe legea de control
@ Analiza



DP — determinist Analiza DP - stohastlc Functii

Iteraya Q, cazul stohastic

@ Ecuatia de optimalitate Bellman in cazul stohastic:

foux [ xux)+7maxQ*(x u)

@ Ca siin cazul det., transformam in procedura iterativa:

lteratia Q, stohastic

repeat la fiecare iteratie ¢
for all x,u do

Qr1(x,u) — foux p(x, u, x")

+ 7y maxy Qﬁ(le Ul)}
end for
until convergenta la Q*
h*(x) = arg max, Q*(x, u) ()



DP — stohastic
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Inlocuirea unei masini: iteratia Q, demo

Factor de discount: v = 0.9

Q-iteration, ell=64

Rlw|w|R (8B
85 T T
Q(x, Wait)
Q(x, Replace)
8l
75 I
| I—
7 "
1 2 4 5
10 tat g T
—e—Q-Q
T R oD —

iteration, ell
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Exemplu: Tnlocuirea unei masini

@ Profit: vi =1, =0.9,...,v5 =05
@ Costul unei masini noi: ¢ = 1
@ Probabilitati de crestere a uzurii:

06 03 01 0 0
06 03 01 0

loj] = 0.6 0.3 0.1
0.7 0.3

1.0
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Inlocuirea unei masini: iteratia Q

Qur(x,u) = > Fx, u, XY [A(x, u, X') + max Qu(x', U]

X/

X
Qo 0;0 ; ; ;
Q; 1;0 09:0 0.8:0 0.7: 0 06;0
Q> 1.86; 0.9 1.67;0.9 1.48; 0.9 1.3;0.9 1.14: 0.9
Q; 258:167 231;167 205;1.67 1.83;1.67 1.63;1.67
Q4 3.2;233 287;233 255;233 23;233 2.1;2.33

Qss 825;742 784,742 755;742 738,742 7.28;742
Qss 8.25;742 784,742 755,742 7.38;742 7.28;742
h* W w W R R

h*(x) = arg max Q*(x, u)
u



DP — stohastic
00000

lteratia pe legea de control, cazul stohastic

Legea de control greedy se calculeaza la fel:
= algoritmul generic ramane neschimbat
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Evaluarea legii de control, cazul stohastic

@ Doar evaluarea legii de control este afectata
@ Ecuatia Bellman pentru Q" in cazul stohastic:

foux { (x,u, xX") + vQ"(x', h(x ))]

Evaluarea legii de control, cazul stohastic
repeat la fiecare iteratie 7
forall x, u do
Qri(x,u) =, f(x, u, XY [p(x, u, x')
aF /QT(X vh(xl))}
end for
until convergenta la Q"
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Inlocuirea unei masini: iteratia h, demo

Factor de discount: v = 0.9, epeva = 0.01

Policy iteration, ell=3

Blw|w|R

8.2

781

761

74r _l

1 2 3 4 5
26 tate
—8—h-h
1k
0 -3
0 1
iteration, ell
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Inlocuirea unei masini: iteratia h

Q,11(x,u) — ZX/ FOx, u, XN [p(x, u, X' + vQ (X, h(x'))]

hei1(x) «— argmax Q™ (x, u)
u

x=1 xX=2 x=3 x=4 x=5
ho w w W w W
Q 0;0 0:0 0:0 0:0 0:0
Q4 1;0 09;0 08;0 0.7;0 06;0

Q 186;09 167;09 1.48;09 1.3;0.9 1.14;0.9
Q; 258;167 231;167 205;1.67 1.83;1.67 1.63;1.67

Qs 751;675 6.95;6.75 6.49;6.75 6.17;6.75 59;6.75
Qi 752;6.75 6.96;6.75 6.5;6.75 6.18;6.75 5.91;6.75
hy W W R R R

...algoritmul continua... up
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Inlocuirea unei masini: iteratia h (cont.)

x=1 X=2 X=3 x=4 x=5
hy W W R R R
Q 0;0 0;0 0;0 0;0 0;0
Q4 8.01;72 7.57;7.2 727;72 717:72 7.07:7.2
ho W w W R R
Q 0;0 0;0 0;0 0:0 0:0
Qi 817:735 7.76;735 747;735 7.3;735 72;7.35
hs W w W R R
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Analiza

Toate rezultatele din cazul determinist raman adevarate in
cazul stohastic, de exemplu:
@ lteratia Q converge monoton la Q*, cu rata v

@ lteratia pe legea de control converge la h* intr-un numar
finit de iteratii
(si evaluarea legii de control converge la Q" cu rata )

@ Numar de iteratii valoare > iteratii legea de control
@ Dar 1 iteratie valoare > 1 iteratie evaluarea legii de control
= lteratia valoare ??? iteratia legea de control



Functii V & CO

e Solutia cu functii V si relatia cu Controlul Optimal
@ Solutia cu functii V
@ Relatia cu DP la Control Optimal
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Functia V (cazul determinist)

Vh(x) = RA(x) = Q"(x, h(x))
Functia V optimala: V*(x) = max;, V/(x) = max, Q*(x, v)

Ecuatia Bellman pentru V":
VI(x) = p(x, h(x)) + 7 V(f(x, h(x)))

Ecuatia Bellman pentru V*:

V(x) = max[p(x, u) + v V*(f(x, u))]

Calculul legii de control greedy — mai dificil:

h*(x) = argmax [p(x, u) + v V*(f(x, u))]
Q*(x,u)
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lteratia V

@ Ecuatia de optimalitate Bellman pentru functia V:

V(x) = max[p(x, u) + v V*(f(x, u))]

= Procedura iterativa:

lteratia V

repeat la fiecare iteratie ¢
for all x do
Vet (x) = maxu[p(x, u) + 7 Ve(f(x, u))]
end for
until convergenta la V*
h*(x) = argmax,,[p(x, u) + V*(f(x, u))]

Analiza precedenta ramane valida pentru functii V:
convergenta, criterii de oprire [1/[J



Functii V & CO
©000

e Solutia cu functii V si relatia cu Controlul Optimal

@ Relatia cu DP la Control Optimal
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Problema

Problema la Control Optimal:

@ Sistem xy 1 = f(xk, Ux), cost curent L(x, uk),
cost final h(xy)
N—1
@ Minimizeaza costul total: J = > L(Xk, ux) + h(xy)
k=0

Problema in acest curs:
@ Sistem Xy = f(xk, Ux), recompensa ry.1 = p(Xg, Ux)

o0
@ Maximizeaza returnul: R = 3 7 p(xk, ux)
k=0

Diferente: notatie, inclusiv max vs. min;
orizont finit vs. infinit (eliminare cost final, introducere discount)

u
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Algoritmul

DP la Control Optimal

Ju(xn) < h(xn) Vxn
fori=1,...,Ndo
In_i(Xn=i) = TN[U[L(XN_:', UN—i) + IR i1 (Xnis Un—i)]s YXN—

end for

lteratia V in acest curs

Vo(x) < 0 Vx
repeat la fiecare iteratie ¢
Viii(x) = mglx[p(x, u) + v Vi(f(x, u))], vx

until convergenta la V*

@ vedere “inapoi in timp” vs. “inainte in iterafii”
@ solutia de orizont infinit nu depinde de timp w
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Terminologie engleza

programare dinamica = dynamic programming, DP
functia Q, functia V = Q-function, V-function
ecuatia Bellman = Bellman equation

iteratia pe valoare = value iteration

iteratia Q = Q-iteration

iteratia pe legea de control = policy iteration

evaluarea legii de control = policy evaluation

imbunatatirea legii de control = policy improvement
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