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Abstract: Power-assisted wheelchairs (PAW) provide an efficient means of transport for disabled persons. In this human-machine
interaction, the human-applied torque is a crucial variable to implement the assistive system. The present paper describes a novel
scheme to design PAWSs without torque sensors. Instead of using a torque sensor, a discrete-time unknown input observer in
descriptor form is applied to estimate the human input torque and the angular velocities of the two wheels via the angular position.
Using Finsler’s lemma, the observer gains are obtained by solving an LMI problem. Based on the estimation, both a torque-
assistance system and a speed controller are introduced. In addition, the Input-to-State Stability (ISS) of the interconnected
controller-observer system is analysed for the speed controller. Finally, simulation results validate the observer and the power-
assisted algorithms. The methodology follows patent WO2015173094 issued in 2015 [20].

Keywords: Disabled person, power-assisted wheelchair, descriptor model, linear matrix inequality (LMI), Lyapunov function,
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1. Introduction

According to the World Health Organization (WHO),
disabled people and elderly persons who lose the ability to
walk occupy a significant percentage of the population in
ageing societies [26]. The manual wheelchair is a common
means to improve accessibility and mobility for such disabled
persons. However, the majority of them have difficulty to
propel a manual wheelchair effectively due to the body’s
constraints or unpredictable road conditions [5]. This poor
efficiency of manual wheelchairs can cause secondary
injuries to the users (e.g. joint degradation) [8]. Of course, a
solution is the traditional electric wheelchair [15], [17] that
provides all the necessary energy. Nevertheless, this solution
implies a complete stop of physical activities of the disabled
persons which is definitively not recommended by specialists
[16]. An intermediate solution, the power-assisted
wheelchairs (PAW), can provide an alternative means to
wheelchair users. Having an electrically powered motor,
PAWSs supplement the manual push to reduce the user’s
physical workloads. In contrast with manual wheelchairs and
fully automatic wheelchairs, PAW combines human and
electrical power and therefore gives a good compromise
between rest and exercise for users. Several PAWs are
available amongst which the motorisation kits Duo and
Nomad designed by AutoNomad Mobility [20]. These Kkits
can be installed on most manual wheelchairs and offer good
manoeuvrability. The medical investigations [18], [19] show
the physical and physiological advantages derived from the
PAW rather than fully manual or automatic solutions (e.g.
moderate metabolic demands of propulsion, maintaining
participation in community-based activities).

There is a rapidly growing literature on PAW designs.
References [1]-[4] have analysed the impact of different road
conditions on the human-wheelchair system. A corresponding
control scheme has been implemented to assist the user for
each road condition. In [9] the human behaviour and the

interaction with the device are studied. The experimental
results of the clinical studies [6], [7] have shown clearly the
assisted mechanical efficiency given by the PAW to the user.

In classical PAWs, the torque exerted on the hand-rims is
an important signal to design the control law. Generally, this
signal is measured directly by a torque sensor. More recently,
many works apply different sensors to estimate the disabled
person’s intention and the condition of the road [10], [11].
Based on these estimations or measurements, power-assisted
algorithms can be implemented to help the users. However,
due to the high cost of sensors, current experimental or
commercial PAWs are often not affordable to disabled
persons. This issue is compelling reason to design software
sensors for PAWs [20].

The present study relies on patent W0O2015173094 issued
in 2015 [20]. In the present paper, we focus on the input
torque estimation problem. The unknown input torques
exerted on the wheelchair are estimated by using a so-called
unknown input observer (UIO) approach [29], [28], which is
widely used in fault diagnosis, fault-tolerant control and
disturbance estimation. In the similar work [12], a torque
observer is designed based on two velocity sensors.
Compared to [12], we estimate the unknown input torque
using the signal of wheel angular positions measured by
inexpensive encoders. In addition, a structure of the observer
using a descriptor form model [21]-[23] is applied to obtain
LMI conditions [27]. A proportional power-assistance
systems and a PI velocity controller based on the estimated
signals are proposed. Moreover, numerical simulations show
the efficacy of our torque-sensorless PAW design.

This paper is organized as follows. In Section 2, we
introduce the mathematical model of the wheelchair. Section
3 elaborates the unknown input observer in descriptor form to
estimate the input torques and the angular velocities of two
wheels. Section 4 provides two power-assisted algorithms and
the complete proof of closed-loop stability. In Section 5,



simulation results validate the proposed observer and
algorithms. Section 6 gives our conclusions.

2. Wheelchair Modelling

In this study, the wheelchair is modelled as a two wheeled
transporter. We consider that the caster’s dynamics can be
neglected. Fig. 1 shows the two dimensional schematic of the
wheelchair, where 8; and 6 are respectively the left angular
position and the right angular position, r is the wheel radius, d
is the distance between two wheels and ¢ is the centre of
gravity of the wheelchair with the human.
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Figure 1: Simplified top view of the wheelchair
By solving the Lagrange equation [13]-[15], the two-
wheeled PAW can be described by the dynamics:
(ZBR +39L=TR_K9R (])
aéL +39R = TL - KQL
where the inertial parameters o and 3 are:

mr?  Ir? (2)
a = T + b—2 + 1

_mr?  [er?

4 b2

Here, m denotes the mass of wheelchair including the
human, K represents the viscous friction coefficient, I is the
inertia of the wheelchair with respect to the vertical axis
through ¢, I is the inertia of each driving wheel around the
wheel axis, and finally T, and T;, are the total torques exerted
on the right wheel and the left wheel respectively. It is
assumed that the driving road is flat. The total torques
consists of the unknown torques Tgp, T1p, exerted by user and
the assistive torques Tgy,, Tm given by the electrical motors:

Tr = Trn + Trm 3)
T, =Tin+Tim

From the dynamic equations (1) and the inertial parameters
(2), the wheelchair’s behaviour is strongly linked to the mass
of user and the conditions of road.

Descriptor form models are widely employed to describe
mechanical systems, and they provide important advantages
for controller/observer design such as reducing the number of
linear models and LMI constraints for Takagi-Sugeno models
[21]-[23]. By choosing the state vector x” = [6g, 8, 8%, 6,],
the unknown inputs u} = [Tgp, Tyn], the known inputs u?, =
[Tem Tim] and the outputs yT = [Ag,0,], the mechanical
system (1) can be rewritten in the following descriptor form:

Ex(t) = Ax(t) + Bu,(t) + Bu,,(t) @)
y(®) = Cx(t)
where the matrices are:

1000 00 1 0
o1 00|, oo o 1
E=1o 0 « gl4=|0 0 =k o |
00 B a 00 0 -K

Remark 1. In the descriptor system (4), all the inertial
parameters are on the left hand-side of the equation.
Compared to the conventional state-space form, the descriptor
form preserves the physical interpretation of mechanical
systems. Due to the “natural” descriptor form of the
mechanical system (1), this form is kept for the reminder of
the paper.

3. Unknown Input Estimation

In this section, an LMI-based design procedure is presented
for the unknown input observer in descriptor form. The state
and the unknown input torque are estimated simultaneously
by the proposed observer. Through a Lyapunov function and
Finsler’s lemma, the observer gains are found from an LMI
feasible solution. The following lemma will be used:

Lemma 1. [24] (Finsler’s lemma). Let XeR", Q =
QTeR™™ | and WeR™ " such that rank(W) <n ; the
following expressions are equivalent:

a) XYQX <0,vXe{XeR™:X #0,WX =0}
b) IMeR™™: MW + WTMT +Q < 0

3.1. Discrete-time Descriptor System

To derive a discrete-time model, the classical Euler’s
method has been used with x(t) = (x(k + 1) — x(k))/s,
where s is the sampling time. Then, the discrete time model in
descriptor form is:

Eqx(k + 1) = Ag(k) + Bgup (k) + Bau,, (k) Q)

y(k) = Cx(k)
with the following matrices:
1 0 0 O 10 N 0
£ = 01 00 4 = 01 0 s
4710 0 a BIP"*7 10 0 a-—sK LI
00 f « 0 0 B a —sK
0 0
3 loof . 110 0 o
By = (Bar de)—ls 0},@—[0 1o ok
0 s

3.2. Polynomial Approximation Approach

We consider that the unknown input torques Tgp, and Ty
exerted on the wheels can be approximated by a n,th degree
polynomial function in time, for example for the right
wheel d™? Ty, /dt™ = 0. Using this assumption, the discrete-
time input torques can be expressed as:

(1 —2z"H)"Tgy(k) =0 (6)
Further, (6) can be expressed as:
Tp
Ten () = = > (") (<1 T (ke = o
i=1

n
where (i”) is the binomial coefficient. Consider the
TP (k) = [Tpn(k), Ten(k —
1), ...,TRh(k—np+1)]Te]R”P. The dynamics (7) of the

n .
vector T,,” can be written as:

unknown input vector



TP (k + 1) = T, To (k) ®)

np°Rh

where:

ro=| () —en%?)".—en%Cﬁ

In,,—l 0(np—1)x1
Applying the same reasoning for the left wheel, the
T;lp (k) = [Ty (K, Typ (k —
1), ...,TLh(k - nl[J + 1)]T R™ are:

P (k + 1) = T, T (k) ©
extended state  vector as X =

o7 T
[HR' BL' eR! HL' Rh !TZ;Ip ] ERan+4- ) the

descriptor system (5) can be rewritten as:
Ex(k + 1) = Ax(k) + Bgup, (k) (10)
y(k) = Cx(k)

E:[ E, 04X2"p],5=[1 0 0 ()]’
Oanx4 Iznp 01 0 0

dynamics of the vector

Defining an

discrete-time

where:

Ad Bai Oux(ny-1) Baz  Oux(n,-1)
0 an Onpxnp
Onp><4 Onpxnp an

Note that the problem is well posed as E is always
invertible.

3.3. Observer Design

The aim is to estimate the unknown input torques Trp, Tpn
and the angular velocities 6y, 6; from the right and left
angular position signals. The observer considered for the
descriptor model (10) is:

Ex(k + 1) = Ax(k) + Baun, (k) + G *L(y(k)
— 9(l))
J(k) = Cx(k)

The estimation error is e(k) = x(k) — x(k). Its dynamic is

given by:

(11)

Ee(k+1)=(A—-GLC)e(k) (12)
In order for the estimated states to converge to the real
states, the estimation error (12) should be asymptotically
stable. Two matrices G and L have to be found to construct
the observer (11). Consider the following Lyapunov function
candidate:
V(e(k)) = e (k)Pe(k) (13)
The symmetric matrix PeRG™WTHCWw*H js positive-
definite, so P = PT > 0. Now we present our main result.
Theorem 1. The estimation error dynamic (12) is
asymptotically stable if there exist P, G, L and a scalar decay
rate § with 0 < § < 1 such that
(14)
o GT] <0

| =%
GA—-LC P-— GE

variation A V(e(k)) = V(e(k + 1)) —
6V (e(k)) of the Lyapunov function (13) including the decay

Proof.  The
rate § is:
_[ et ] —-8P 0 [ e(k) ] o 19
av(e)) = [e(k vl Lo pllegesn
The estimation error dynamlcs (12) can be rewritten as:

_ _ _ e(k) ] (16)
j— -1 —_ =
[A-G'LC -E] [e(k+1) 0
From Lemma 1, the inequality (15) under constraint (16) is
equivalent to solving the following linear matrix inequality:

M[A—GLC —E]+(*)+[_31D g]<o (17)

The asterisk (*) represents the transpose of the matrix
M[A - G~1LC —E]. By choosing M = [0 GT]T, we obtain
directly the linear matrix inequality (14). m

Remark 2. Applying the observer gain obtained by solving
(14), the Lyapunov function candidate (13) is decreased
exponentially as follows:

Vk+1 < 6Vk < 62Vk_1 e < 6k+1V0 (18)
In this way, the convergence of the estimation error e(k)
can be tuned via the decay rate 6.

4. Power-Assisted System

In the previous section, using an unknown input observer,
the unknown input torques exerted on the wheelchair and the
angular velocities of two wheels can be estimated via the
angular position measurements. Next, based on the rebuilt
signals, two power-assistance algorithms are designed.

4.1. Proportional Torque-Assistance System Design

The block diagram of the first algorithm is shown in Fig. 2.

Human input torque T}, T 6
)@ >| Wheelchair
Assistance T, 3 Observer
Assistive
system
Estimated torque T},

Figure 2: Proportional power-assistance algorithm

The control algorithm above uses an open-loop controller.
The assistive torque T, is generated based on the estimated
input torque T},. The following discrete-time transfer function
describes the dynamics of T, :

To(2) = (19

_s Th (Z)

z—er
where s is the sample time, ¥ is the assistance ratio and 7 is
the response time parameter of the assistive system. This
torque control based system is also known as Low-Pass-Filter
proposed in [1]. The assistance ratio Y determines the total
assistive torque and the response time parameter T determines
the inertial dynamics of the assistive torque. These two
parameters should be configured correctly to have a good
compromise between smooth driving and efficient torque
assistance for PAW. The objective is to generate a desired
assistive toque to compensate for driving torque shortages.
Different parameter setting strategies can be found in [1], [4],
e.g, adaptive driving control using parameter adjustment. In
the present study, only constant parameters are used to
validate our torque-sensorless PAW design.
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Figure 3: Power assistance algorithm with PI velocity controller and velocity
observer

4.2. Observer-based PI Controller Design

A PI controller is added to track a reference velocity as
depicted in Fig. 3. We apply the observer (11) rewritten as:
Egx(k +1) = Agx(k) + Byup, (k) + Batip (k) (20)
+ Li(y(k) — Cax(k))

AN ~M

T P(k+1 T, 0, 1|77 (k (21)
Fan e+ 1) =[] LA R0
Tth (k + 1) Xy e Tth (k)

— Cqx(k))
with G7L = [LT L%]", L;eR**?, L,eR?*"»*? and the
estimated unknown inputs @} = [Tgp, Tyn]. The proposed PI
observer-based controller is:
m)]

um(k) = [KP Kl] [X\(k)

) )?Uf) = X(k) —ey(k)
Xi(k +1) = Xi(k) = Orep — X (k) + €4 (k)
with the real velocity vector X = [0, 6,]" and the estimated

(22)

~ - ~ 1T .
velocity vector X=[9R gL] . Here 6,.r,e, are the
reference velocity and the velocity estimation errors
respectively. By defining the angular position estimation

- T
errors ey, the state vector X* =[X X; eg ez] , the
unknown input estimation errors & = u, — i, and U* =

[un  Bres sT]T, the closed-loop dynamics are:

E;X*(k+1) = A3X (k) + BU* (k) (23)
with the following matrices:
a p 0 Ay +ByKp BgK; 0355 —Kp
E;=|f «a 2x6 LAy = =1, I, 0zx2 I,
06><2 Ie 04><4 Acz - Llcd
a—sK

0
Bé 0252 Oy B a —BSK]’ Bé = [; S]~
0252 I 052

Assume that the unknown input u,, the unknown input

O4><2 04)(2 Bd
B, = LAy =

estimation errors €7, and the reference velocity G'Tef are
bounded (U* € L,). These “natural” assumptions will allow
deriving an Input-to-State property (ISS) for the closed-loop
system (23).

Lemma 2. [25] Consider a Lyapunov function candidate
V:R" - R, V(0) =0 and V(x) > 0 (x # 0) for a general
discrete system x(k + 1) = f(x(k), u(k)). If there exist K-
function y and K -function ¢ such that

V(k) =V(k+1) -V <o(lul) —ydixlD @24
then the discrete system x(k + 1) = f(x(k),u(k)) is input-
to-state stable.

Proposition 1. Assume that the real velocity vector X (k) =
[6, 6,]7 is accessible to the PI controller (22) and the

inputs U™ are bounded. Applying velocity feedback control,
the closed-loop dynamics are:

g B0l ixce + 1)] (25)
Xk +1
Opy o | KEHD
_ [Aé + ByK, Béki] [X(k)]
=1, L, 11X;(k)
By 02><2 .
+o,oJun+ [ 7 Jéres
where X;(k+ 1) —X;(k) = 9'ref - X&) Design  the

controller gains [Kp K;] through pole placement of the
system (25) in interior of the unit circle in the z-plane. Then
the closed-loop dynamic (23) is ISS for U* € L, (U™* as input
and X as state).

Proof. Since the matrix Ay is block-triangular and the
descriptor matrix E; is block-diagonal, the eigenvalues of
(23) are those of the closed-loop dynamic (25) and the
observer (20) chosen previously by Proposition 1 and
Theorem 1 respectively. Thus the closed-loop system (23) is
globally asymptotically stable with U* = 0. When U* # 0,
we consider the Lyapunov function candidate (with
symmetric matrix P* > 0):

VH(X* (k) = X*T(k)P*X* (k) (26)

Its variation A V*(X*(k)) =V(X*(k+1)) - V(X*(k))
gives:
AVH(k) = X T()ALE;TP*E; A X * (k) (27)
+2X*T (k) ALE;TP*E; *B4U* (k)
+UT(k)BLETP*EZ'BaU* (k) — X*T (k) P*X* (k)
There exists positive constant A such that:
AV (k) < =AllX* (k)7
+2X* T(K)ALE;TP*E;'BaU* (k)
+ U T(k)BTE;TP*ET B,U (k) (28
Applying norm properties:
AV (k) < =2lX* (R (29)
+2[IX*(IIAGEZ" P Eq * BalllU* (R
+1B4Eg" P*Eq B4llllU* (k) 1|
There exist positive constants ¥ and p such that:

A 30
AV < - S I G2 G0
2
2ixeaol -9 |21 ol
2 A
207 o
(S0 )0l
We obtain finally:

2 G31)

A 29
AV < = IX Gl* + (T+ p) lo=dl?

Through Lemma 2, the closed-loop system (23) is ISS.m

Remark 3. In practice, the angular velocities are not
measured directly. They are estimated from the position
signals. From a methodological point of view, the interest of
Proposition 1 is that the estimated signal can be used as the
real signals to realize a control policy.

Remark 4. The result in Proposition 1 states that if the
inputs U* are bounded, the states X* are bounded. Moreover,
the controller (22) and the unknown input observer (11) can



be designed separately, and the global stability of the closed-
loop system (23) is still guaranteed.
5. Simulation Results

In order to carry out the numerical simulations, we choose
the sampling time s = 0.05sec and the following wheelchair
parameters: m = 150kg, I = 40kg.m?, I, = 0.25kg.m?,
b=06m, r=0.33m and K = 10N.m.s. Regarding the
observer structure, a 4th degree polynomial is applied for the
approximating function (7).
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Figure 4: Driving simulation on a flat road without assistance
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Figure 5: Driving simulation on a flat road with the proposed proportional
power-assistance system (1%-trial)
5.1. UIO without power-assistance

The PAW is assumed to move on a flat surface and the
human input torque is represented by the positive half cycle

of a sinusoidal. The human input torque and the angular
velocity are successfully rebuilt, see Fig. 4. Note that there is
a delay (two sampling time units) induced by the observer
between the real input torque signal and the estimated one.

5.2. UIO with power-assistance

In this section, a power-assisted system is added to help the
user to propel the wheelchair on a flat road. The objective is
to apply different input torques to check the performance of
the proposed observer under two proposed power-assisted
algorithms. A Gaussian white noise is added to the inputs to
simulate small road irregularities. On the first trial, the
assistive torque is generated by (19). As depicted in Fig. 5,
the assistive torques are amplified with respect to the
estimated torques rebuilt by the observer (11). The estimated
torques are slightly deformed due to the delay induced by the
observer.

25

oL

velocity(rad/s)

velocity(rad/s)

Velocity(left)

Estimated velocity
Reference Velocity

R input torque(measured)
R input torque(estimated)
assistive torque

L input torque(measured)
L input torque(estimated)
assistive torque

time(s)

Figure 6: Driving simulation on a flat road with the proposed PI velocity
controller (2"-trial)

For the second and third trial, the proposed PI controller (22)
is applied to track a reference velocity with different human
input frequencies. The applied input on the 3™ trial have a
higher frequency than that used on the 2™ trial. Both Fig. 6
and 7 illustrate that the proposed observer tracks well the
state of the wheelchair and the unknown input torques despite
the small road irregularities. Moreover, the velocity tracking
objectives have been met. The delay induced by the observer
dynamic implies that for each sudden change in assistive
torques a small spike appears in estimated signals.

6. Conclusion

In this paper, an unknown input observer has been designed

to estimate human input torques and angular velocities in



PAW. Based on the proposed observer, two power-assisted
algorithms have been implemented to assist users in pushing
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Figure 7: Driving simulation on a flat road with the proposed PI velocity
controller (3"-trial)

the wheelchair and to reduce their excessive physical
exertion. The main advantage of these approaches is that
input torque signals can be obtained without using torque
sensors. This torque-sensorless design can significantly
reduce hardware complexity and system cost [20].
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